Abstract. In this paper, we give the condition for the boundedness of the Berezin transforms on Herz spaces with a normal weight on the unit ball of C n . And we provide the integral estimates concerning pluriharmonic kernel functions. Using this, we finally obtain the growth estimates of the Berezin transforms on such Herz spaces.
Introduction
For n ≥ 2, let B = B n be the open unit ball in C n . Given α > −1 and 2 ) α ; see [4] for details. Thus, we see that the explicit formula of R α z (w) is as follows:
for z, w ∈ B. Here and subsequently, z · w = z 1 w 1 + · · · + z n w n denotes the Hermitian inner product on C n . It is easy to obtain the following estimates from (1.1):
and |R α z (w)| ≲ 1 |1 − z · w| n+α+1 (1.2) for all z, w ∈ B, so R α z is bounded for fixed z ∈ B. Given a positive (finite) Borel measure µ on B (we will write µ ≥ 0 for simplicity), the Berezin transform is defined by
for z ∈ B. For φ ∈ L 1 α , we define φ = µ where dµ = φ dV α . The notion of Berezin transform can be extended to non-integrable functions which belong to some weighted Lebesgue spaces as follows which is proved in Lemma 3.7 ( [4] ):
Previously, in the holomorphic case on the unit disk, Loaiza, López-García and Pérez-Esteva ( [3] ) introduced Herz spaces which have mixed norm spaces associated with Schatten classes and they decomposed a given positive Toeplitz operator into a family of local operators and then characterized membership in those spaces. In the harmonic case of unit ball of R n , Choe, Koo and Na ( [2] ) showed the boundedness of the Berezin transform on Herz spaces K p,γ q with restricted parameters p and q. In the sequel, Choe ([1]), for the full range parameter q, proved that the parameter range is a necessary condition for the boundedness of the Berezin transform. Furthermore, he gave the pointwise growth estimate of the Berezin transform on K p,γ q . Also, there is similar result to [2] in the pluriharmonic case of unit ball of C n that Na ([4] ) showed as follows:
Motivated by these ideas of [1] , we give a more complete result of (1.3) and the growth estimates of the Berezin transforms in the weighted pluriharmonic Bergman space case on the unit ball of C n . Now, we are about to state our main results as follows. 
In the next section, for 1 ≤ p ≤ ∞, we define the Herz spaces and find all parameters of that spaces that are contained in L 1 α ; see (2.3) . So, the Berezin transforms are well defined on those spaces. In Section 3, we prove some integral estimates concerning kernel functions and give the estimate of kernel functions in Herz spaces. In Section 4, we establish the condition for the boundedness for the Berezin transforms on Herz spaces. In the last section, we obtain the growth estimates of the Berezin transforms. Theorem 5.2 expresses the growth estimates of the Berezin transforms on such Herz spaces. Similar results on the unit ball of R n can also be found in [1] .
Constants. Throughout the paper, we write C for a various positive constant, which is depend on the given situation. We often abbreviate inessential constants involved in inequalities by writing X ≲ Y for positive quantities X and Y if the ratio X/Y has a positive upper bound. Also, we write
Herz spaces
In order to introduce Herz spaces, we let
where r m = 1 − 2 −m for each integer m ≥ 0. We write χ m for the characteristic function of A m for each m. Also, given µ ≥ 0, we let µχ m denote the restriction of µ to A m for each m.
where ℓ q stands for the q-summable sequence space. Equipped with the norm above, the space K p,γ q is a Banach space. Also, we let K
In the first place, we recall elementary properties of Herz spaces. For 1 ≤ p, q ≤ ∞ and arbitrary real γ, application of Hölder's inequality yields Hölder's inequality of Herz spaces as follows:
for positive measurable functions f and g on B; see [2] for details. From now on, p ′ denotes the conjugate exponent of p. We also note that if 1 ≤ p ≤ ∞ and if [4] for details. In fact we can deduce that
In order to prove this we consider the function f β,δ on B defined by
where β and δ are given real numbers.
To prove (2.3), we need the following lemma that provides the precise range of parameters for K p,α q in which the function f β,δ is contained. 
for all m ≥ 0. Hence we immediately obtain the proof. □ Now, we turn to prove the necessary condition of (2.3). Note that for q < ∞,
for all q and γ + (α + 1)/p > α + 1. Thus we see that if
From Lemma 2.1 we obtain for 0 < q ≤ ∞ or q = 0,
Thus (2.3) is proved.
Integral estimates
To prove our main result Theorem 4.1, we begin with recalling some integral estimates relevant to the kernel functions; see Proposition 1.4.10 of [5] . Here dS is the surface area measure on ∂B, the boundary of B.
The constants suppressed above depend only on n and c.
Let α > −1. We need to estimate two types of integrals J c and I a,c defined for given −1 < a < ∞ and c real as follows:
We now estimate of J c (z). 
The constants suppressed above depend only on n, α and c.
Proof. From Lemma 3.1, we obtain the upper estimates easily. Thus, we only prove the lower estimates. To do this, we consider two subsets of ∂B as follows: for z ∈ B,
and |1 − z · ζ| ≤ 1} and
In case α + c ≥ 0, we obtain
On the other case α + c < 0, we have the estimate
If |z| ≥ 1 2 , then we consider the set Λ z . For any ζ ∈ Λ z , we have r n+α+1 − 2 cos(n + α + 1)θ ≳ 1 and
for some constant δ > 0 which is independent of z. Let λ = n+α+c 2 . For |x| < 1, we consider the binomial series
We assume z = |z|e 1 . By using (3.2) and orthogonality of
Here G = {ζ ∈ ∂B : 
We write
which proves (3.3). Thus, using (3.3) with Proposition 1.4.9 of [5] , we have the following estimate
By Stirling's formula, we see that the coefficients in this last series are of order k α+c−1 as k → ∞. This proves the assertions. □ 
The constants suppressed above depend only on n, α and c.
Proof. One can easily prove the upper estimates by Lemma 3.1. So we now prove the lower estimates. By using integration in polar coordinates and (1.1), we obtain
If |rz| ≤ 1/2, then we obtain the following
In the other case |rz| > 1/2, we consider the subset Γ z of ∂B as in Proposition 3.2. Thus, (3.3) and Proposition 3.2 imply that, for |rz| > 1/2,
The proof is complete by Lemma 3.1. □
The following result presents the estimate of kernel functions in Herz spaces.
We therefore conclude
and this estimate is uniform in m. Also, this estimate remains valid for p = ∞,
−(n+α+1) . Now, we estimate the Herz norm of (R α z )
2 . Let 1 ≤ q ≤ ∞ and |z| ≤ 1/2. Using (3.4), it is easy to see that
Consider the case |z| > 1/2. First, if (1 − |z|) ≤ 2 −m , then we have by (3.4)
−m , then we have by (3.4)
Then the case q = ∞ follows. Also, for q < ∞, it follows from (3.5) and (3.6) that 
Proof. Let z ∈ B. By integration in polar coordinates and Proposition 3.2, we have ∫
which implies the lemma. □
Boundedness
In this section, we formulate one of our main results. We will prove this for general p, which is not necessarily greater than or equal to 1.
Given β and δ real, let
We separately consider two cases in (4.1) for convenience. Proof. Assume that (1) or (2) holds and let A ⊂ B be an arbitrary compact annular region. By Lemma 3.5 we have
from the condition (1) or (2) and thus 
for |z| ≥ 1/2 and 0 ≤ r < 1. By combining this with (1.2), integration in polar coordinates and Proposition 3.2, we have Proof. This follows from (5.1) and Lemma 5.1. □
